Astrocytes play an important role in remyelination. Normally, they mediate an appropriate environment for oligodendrocyte progenitor cells (OPC) to migrate to the damaged region and differentiate into new myelin sheaths. However, it is reported that they can be harmful in some conditions. Astrocytes secrete pro-inflammatory cytokines and growth factors which are essential for recruiting OPCs to the damaged oligodendrocytes. However their accumulation around the lesion and creating glial scar can impede recruitment of OPCs by obstructing their path. In this work we investigate the role of astrocytes in recruitment phase of remyelination using a new mathematical model. We introduce a new technique to relate cell concentrations in the partial differential equations (PDE) to concrete objects in the model using circles of Neumann boundary conditions. The positions of these circles are obtained by solving five PDEs describing physiological processes. The novelty of this model is in relating continuous variables for cell concentration in PDEs to discrete objects. This approach is useful when objective characteristics of the cells are important to us. In contrast to agent based models, in this modelling process no extended rules were assigned to discrete cells.
Introduction
Remyelination is a natural process in vertebrates' nervous system that leads to producing new myelin sheath after demyelination. Demyelination is a damage to myelin that can be caused by infectious agents, chemical materials or autoimmune factors [1] . The most famous disease in this category of dysfunctions is Multiple Sclerosis (MS). When myelin sheaths of axons or oligodendrocytes are damaged (lesion), brain has a mechanism to repair it. This mechanism involves generation of new mature oligodendrocytes with the help of oligodendrocyte precursor cells (OPC). OPCs are normally in quiescent state, but when an injury occurs, OPCs become activated and ready to enter into remyelination process. Role of OPCs in remyelination can be categorized in three main phases: 1) activation, 2) recruitment and 3) differentiation.
Microglia and astrocytes are activated when demyelination occurs. Then they produce proinflammatory cytokines such as interleukin-8 (IL-8) and tumour necrosis factor (TNF-α) and growth factors such as platelet-derived growth factor (PDGF) and fibroblast growth factor (FGF) [2] . The cytokines and growth factors activate OPCs and create a proliferative and migratory environment for them. After activation of OPCs they should migrate to demyelinated regions along with the ongoing proliferation (recruitment phase). OPCs find their way to a demyelinated region using chemotactic diffusion. In chemotaxis, OPCs move in the direction of gradient of cytokines and growth factors concentration along with their Brownian motion. If recruitment phase is accomplished, enough OPCs will be accumulated near demyelinated axons and differentiation phase will start. In this stage, OPCs will differentiate into new myelin of damaged axon.
On the other hand, microglia and astrocytes also begin to migrate toward the lesion. Normally, accumulation of the migrated glial cells around the lesion provides a suitable medium for OPCs to differentiate into new myelin; because, they clean the area from dead myelin and produce inflammatory and trophic factors needed for differentiation. Moreover, they do not let the necrotic cells spread around the lesion and destroy other cells. This accumulation of microglia and astrocytes around the lesion is called glial scar. Although glial scar is required for remyelination, but it has shown that it has an inhibitory characteristic too. It is reported that reactivated astrocytes are the main cause of this characteristic. Reactivated astrocytes produce a firm network around the lesion and thereby do not let new OPCs gather in the lesion. Furthermore, they produce repelling or inhibitory molecules in the region which will decay OPCs differentiation.
In this paper our goal is to analyse mathematically the recruitment of OPCs while concentrating on the role of astrocytes in the glial scar. Therefore we develop a new mathematical model based on chemotaxis. Detailed information about chemotaxis model can be found in [3] .
There are many different models with the base of chemotaxis that are used for mathematical description of Alzheimer, Cancer and so on [4] , [5] . One of the recent works is from Massey and colleagues [4] about the impact of glial progenitor cells on Glioma brain tumours. They analyse a chemotactic model to specify how plateletderived growth factor (PDGF) influences the development and progression of these tumours. Luca and colleagues [5] analysed a model consisted of microglia and cytokines. They analysed the impact of attracting and repelling cytokines on pattern formation of tumour plaques in Alzheimer Disease.
We import the role of astrocytes in model's partial differential equations (PDE) by considering them as a boundary condition. In other words astrocytes are considered as impediment agents in migration of OPCs along with the secretion of cytokines and growth factors.
Method

Chemotaxis Model
Chemotaxis model was introduced by Keller and Segel [3] in 1971, describing the movement of microorganisms toward the gradient of food. This model has used extensively in mathematical models to describe the directed movement of cells toward the special sources. Equation (1) shows a chemotaxis model:
In this model, X is a concentration of cells that move toward the gradient of desirable material C (food, inflammatory factor, growth factor, etc.). Movement of X cells consists two main features: 1) Brownian diffusion with coefficient of D X , and 2) chemotactic diffusion with coefficient of χ X .
Model
There are five main factors in the remyelination process: 1) cytokines, 2) Microglia, 3) OPCs, 4) Astrocytes, and 5) Growth factors. Dynamics of each factor is described by a PDE.
.( )
Where I, M, O, A, and G are cytokine material, microglia, OPC, astrocytes and growth factor respectively. Parameters and their references are introduced in table 1.
As you see in equations (2), each PDE contain some of these three main terms:
equation. This term describes the non-directed movement of cells or molecules. This term is also called random motility.
2) Chemotaxis diffusion: such as
This term describes the directed movement of cells toward the source of attracting molecules.
3) Production and decaying: such as I
This term describes the production and decaying of molecules which are secreted by cells.
(2-1) has a term of random diffusion of cytokines, their production by microglia and decay. In our model we consider IL-8 as a cytokine which microglia and astrocytes move toward its gradient direction [6] . In (2-2) there is a random motility term for microglia and chemotaxis term for moving microglia in the direction of cytokines' gradient. (2-3) describes random motility of OPCs and the chemotaxis recruitment toward the lesion. (2-4) is almost the same as (2-2) with differences in parameters. In (2-5) there is a term for random motility of growth factor, growth factor production by astrocytes, decay of growth factor and being consumed by OPCs. As PDGF is the most important growth factor in recruitment of OPCs [7] , we consider PDGF parameters for (2) (3) (4) (5) .
Some characteristics of astrocytes such as secreting PDGF and directed movement are implemented in the model thus far. However, we have not yet implemented the inhibiting characteristic of astrocytes when they are accumulated around the lesion; the characteristic of being a barrier for OPCs recruitment and secreting repelling molecules. This accumulation of astrocytes around the lesion, glial scar, has a great impact on the rate of remyelination. Eventually, there is a question that whether this accumulation is beneficial or detrimental for the remyelination. As it said, astrocytes secrete PDGF which is necessary for creating an appropriate medium to recruit enough OPCs to the demyelinated lesion, but their accumulation near the lesion may prevent OPCs to gather in the lesion and make ready for the differentiation phase. To investigate this controversial issue, we import the impediment characteristic of astrocytes into the model by considering them as boundary conditions. A Neumann boundary condition for a closed orbit can act as an obstructing and repelling object as specific cells in the mathematical model. In Neumann equation (3), q is the parameter of impediment if q>0 or parameter of absorption if q<0.
Where n, c, u, g, q are the normal vector to the boundary, diffusion coefficient, concentration of factor, flux and impediment parameter respectively. g is set to zero. With considering equation (3) for a definite variable on the boundary, the circle plays an impeding role against the diffusing material (cell or molecule). In our model we set this for OPCs (O variable). Then we consider a circle in the size of astrocyte and assign a Neumann boundary condition to it. Then we solve PDEs (2) and assign the circles position with regard to the A(x,y,t):
1) The plane domain is gridded to a definite number, 2) A(x,y,t) for center of each grid is stored to a matrix, 3) Local maxima for the matrix are founded, 4) Mixture of Gaussian distributions created with local maxima as means and proper standard deviation (SD). 5) Samples generated with the mixture of Gaussian distribution in the quantity of astrocytes number. In step 5, we have a weighted Gaussian mixture distribution. Weights are set in relation to their A(x,y,t) value of each grid after normalizing. These 5 steps can be understood better by seeing figure 1.
Number of activated astrocytes in active inflammatory state is approximately 100 [5] . Setting the number of circles to this number make the numerical implementation so time consuming. On the hand it can be seen from the lesion medical images that astrocytes are accumulated in a mass form. As we want to implement the scar forming characteristic of astrocytes it is not really essential to assign for each of them a circle. Therefore, we considered fewer circles that each of them models multiple astrocytes and have the sum of their size.
We considered that the model is in active situation. In other words microglia and astrocytes are activated by inflammatory molecules. Therefore, we start to run the model by setting the cytokines concentration in the lesion 1.5 times of other regions. We added a Gaussian function for I with 1.5 magnitudes and such a standard deviation to be fitted in the lesion. This can be considered as an input step of inflammation to the model. A uniform randomness with the magnitude of 10 -4 is added to all initial conditions. Some parameters of the model are estimated in a way that model yields a behaviour according to physiological facts. In other words, because some of the parameters are not available in references, they are estimated in a way that model shows suitable behaviour in accordance with physiological facts.
It is noteworthy that Microglia also have impediment characteristics like astrocytes. However we considered this technique only for astrocytes because it is reported that astrocytes are the main causes of inhibiting characteristics of glial scars [11] . Nevertheless, this role of microglia can be added to the model like astrocytes easily.
Eventually, we want to investigate how changing the population size of astrocytes affects the recruitment of OPCs in the remyelination. As it is mentioned before, OPCs recruitment needs astrocytes for their PDGF secretion; however their accumulation around the lesion may prevent the recruitment. Then, there is controversial issue about the role of astrocytes accumulation. To investigate this, we simulated the model with different population sizes and checked the OPCs recruitment.
Simulation
We created a two dimensional plane with an area of 10 8 µm 2 as the simulation space. Size of the plane is selected such that it has the same scale of remyelination region of human brain derived from recorded physiological experiments [12] . One lesion with the area of 10 6 µm 2 is created in the center of the plane and it is presumed that microglia and astrocytes are activated by damaged neurons [11] . In the lesion area, OPCs concentration (O) is a reversed and shifted Gaussian function multiplied by the uniform initial condition of OPCs concentration. In other words, concentration of OPCs in the center of the lesion is zero and it gradually develops to normal regions of the plane, please see figure 2.
Size of astrocyte (circle boundary condition) is set 20 m [5] . In addition to impediment characteristic of astrocytes, they secrete some repellent factors, when they form a scar that repels OPCs from gathering in the lesion. Therefore, q is selected in a way that we have impediment with a little repelling for each astrocyte. Running many simulations we concluded that the best q with mentioned criteria is 0.01.
Numerical implementation of mathematical model is done by MATLAB and COMSOL Multiphysics. The time step which we chose for our simulation was greatly influenced by constraints of numerical implementation such as convergence of the algorithm.
First simulation experiment investigates the spatiotemporal pattern formation of glial scar from astrocyte circles, figure 2. Each circle in this simulation is in the size of ten astrocytes. In this simulation you can see that astrocyte circles are spread randomly at the initial times, when the A(x,y,t) at the center is not very large. Then, they accumulate around the lesion gradually.
In the second simulation, we investigated that how changing the population size of astrocytes affects the recruitment phase of remyelination, figure 3 . This investigation is important because it can answer the question of how many astrocytes is beneficial for the remyelination and how many is detrimental. Knowing this fact can lead us to take a good decision about increasing or decreasing inflammation by drugs, which leads to proliferation or decaying of astrocytes respectively.
Results
At initial times, astrocyte circles are spread randomly in the plane. As time passes, more circles gather around the centered lesion (see Figure 2) . We see that after about 1.5 days, a relatively dense accumulation of astrocytes is created. This result is consistent with some in vivo experiments reported in [13] and [14] . The circle accumulation is because A increases in the center by chemotaxis. As it is shown in Figure 2 , when more circles come toward a lesion, the inhibiting characteristic of astrocytes causes decrease in OPCs concentration. However, astrocytes secrete PDGF and cause OPCs to migrate to the lesion region. In other words, increasing population size of astrocytes can decrease OPCs recruitment as a result of great impediment of a numerous astrocytes around the lesion. However, this can increase PDGF, which facilitates OPCs recruitment. OPCs start to migrate to the lesion when there are enough PDGF in the environment.
Final concentration of OPCs around damaged oligodendrocytes depends on the population size of astrocytes and impediment parameter q. Astrocytes produce PDGF, but they resist in front of OPCs migration, as one can observe in figure 2 that OPC concentration is low around the astrocyte circles. Changing population size of astrocytes affects final concentration of OPCs. Low number of astrocytes cannot supply enough recruiting factors for OPCs whereas high number of astrocytes can obstruct the way of OPCs toward the damaged region (see Figure 3 ).
Conclusion
With the technique introduced in this paper, we correlate continuous values of concentration of astrocytes calculated by equations (2) to distribution of discrete cells. Thereby, we assign a concrete characteristic to astrocytes concentration, which is very important for developing realistic mathematical models. Unlike Agent based models (ABM), objects in this method do not need rules for updating their situation and their interaction with other agents. In other words, influence of the cells is integrated in the model are as boundary conditions of the continuous PDEs. In other words, interactions of the cells with agents of the model are embedded in mathematical implementation of the model. It has been shown that astrocytes play an important role in remyelination process. Recruitment of OPCs strongly depends on population size of astrocytes and their size. Astrocytes produce cytokines and growth factors which brings OPCs to the region of damaged oligodendrocyte. This is the beneficial side of their activity, but they can have detrimental roles too. These facts create controversial roles for astrocytes in the process of remyelination. In some experiments, ablation of astrocytes from environment impaired remyelination and in some others, especially acute autoimmune diseases, astrocytes mediate demyelination [2] . In this work, we investigated the role of the population size of astrocytes in recruitment of OPCs during remyelination to explain these controversial observations.
In fact, recruitment of OPCs depends on different factors. Changing parameters of a mathematical model can show this dependency. For example if chemotaxis coefficient of astrocytes toward cytokines (χ A ) increases, astrocytes can move faster toward the lesion (data not shown). Therefore, astrocytes accumulation around the lesion can happen sooner and enough number of OPCs cannot reach the destination. This result (observation) might explain why OPCs move faster than astrocytes in normal brains.
Astrocytes population size and activity is depended on inflammation. As we saw, we can control the glial scar formation by controlling astrocyte population size. Therefore, this model can be used before deciding about dosage of inflammatory or anti-inflammatory drugs. After simulating the model with the proposed dosage of the drug, one can predict the influence of the dosage on the glial scar pattern changes. 
Future work
Astrocytes and microglia are swallowed during the remyelination. This is due to cleaning of the environment by phagocyting myelin debris or by inflammation [2] . Therefore, size of the astrocytes changes during the remyelination process. In the present work, we did not consider the cleaning characteristics and the effect of size changes of astrocytes in the model. Implementing these facts in the model can describe more exactly the recruitment of OPCs. It should be noted that this characteristic can play the role of a two-edge sword. It has a beneficial role for cleaning the environment and creating a path for OPCs towards the oligodendrocytes and, a detrimental role because of increasing impediment as a result of swelling.
